Abstract: In this note, we discuss some features of the Dirichlet S-brane, defined as a Dirichlet boundary condition on a time-like embedding coordinate of open strings. We analyze the Euclidean theory on the S-brane world-volume, and trace its instability to the infinite fine-tuning of the initial conditions required to produce an infinitely extended space-like defect. Using their equivalence under T-duality with D-branes with supercritical electric field, we argue that under generic perturbation, S-branes turn into D-brane / anti-D-branes. We extract the imaginary part of the cylinder amplitude, and interpret its inverse as a "decay length", beyond which a pair of S-branes annihilates. Finally, we reconsider the boundary state of the Dirichlet S-brane and find that it is either a solution of type II string theory with imaginary R-R fields, or a solution of type II * with real fields. This leaves the non-BPS S-branes as potentially physical solutions of type II string theory.
S-branes are generically defined as defects localized on a space-like hypersurface. In string theory, this designation covers a variety of different constructions: the Dirichlet Sbrane, defined as a space-like locus where open strings can end, is the direct counterpart of the D-brane [1] . The "decaying D-brane" describes the rolling of the open string tachyon on an unstable D-brane to or from the closed string vacuum (see e.g. [2] for a review), and in certain cases may be viewed as an array of Dirichlet S-branes in imaginary time [3] . More generally, S-branes can be viewed as homogeneous time-dependent solutions in string theory or supergravity, primarily localized at a given time (see e.g. [4] for a review). Although they are expected to require very fine-tuned initial conditions, they may be useful tractable models of time-dependent backgrounds in string theory. Furthermore, S-branes may be important ingredients in constructing inflationary backgrounds in string theory [5] , just as D-branes are useful sources of AdS spaces. Finally, they may be used as probes [6] or initial/final value surfaces [7] in more general time-dependent backgrounds.
In this note, we study some aspects of Dirichlet S-branes, obtained by imposing a Dirichlet condition on the time coordinate (or a time-like combination) of open strings. We re-analyze the world-volume theory of a single S-brane, and relate the "instability" due to the "wrong" signature of the transverse fluctuations to the infinite fine-tuning which is necessary in order to maintain an infinitely extended, flat S-brane under radial evolution. We show that under T-duality with respect to a transverse spatial coordinate, S-branes are T-dual to D-branes carrying a supercritical electric field. By analogy with the discharge of the supercritical electric field due to the nucleation and stretching of open strings, this suggests that generic S-brane configurations may decay into a shower of D-brane -anti-D-brane pairs. We study the first quantization of the open strings stretched between two S-branes, and find that, in contrast to the D-brane case, there are only a finite number of physical states, which grows as the S-branes are further separated in time. We analyze the cylinder amplitude for two parallel S-branes, and interpret the infrared divergences due to these physical states as another signal of this instability.
Although the flat S-brane configurations are infinitely fine-tuned, it is important to note that their mere existence may have a potentially disastrous effect: since S-branes can be viewed as the world-volume of a tachyonic particle, they may signal an instability of the theory at hand. Indeed, S-brane may sometimes be viewed as the thin-shell approximation of a tunneling event from a false to a true vacuum, although this requires a non-standard analytic continuation from the Coleman-de Luccia instanton [8] . It is thus important to ascertain whether the S-brane configurations mentioned above are indeed solutions of string theory, with the correct reality conditions on the fields. As we shall explain, the boundary state for the Dirichlet S-brane constructed in [1] is a solution of type II* [5] rather than type II string theory 1 . A S-brane type solution of type II string theory can be obtained by analytical continuation from the D-brane boundary state but it radiates Ramond-Ramond fields with the wrong reality property. As for the "decaying D-brane" mentioned above, although it is possible in the bosonic string case to arrange the deformation parameter so as to describe a Dirichlet S-brane at X 0 = 0 (together with its translates in imaginary time), this is not longer possible in the type II superstring, as it would require an imaginary tachyon field [10] . This leaves the possibility of "non-BPS" Dirichlet S-branes, which do not source any Ramond field. We shall not study these "non-BPS" S-branes in this note.
S8-brane effective action : a hint for S-brane decay
Let us start by analyzing the world-volume effective action for a single Dirichlet S8-brane. The latter can be obtained by reducing the Born-Infeld action for a space-filling D9-brane
to field configurations which are independent of x 0 , as open strings carry no momentum along this direction. Renaming the component A 0 of the gauge field as a scalar field X 0 , we obtain a nine-dimensional Euclidean theory
where X 0 (x i ) describes the fluctuations in the transverse time-like direction x 0 , and F ij is a magnetic field supported by the S-brane. This action is unbounded both from below and from above, due to the opposite effects of the gradient energy (∂ i X 0 ) 2 and the magnetic energy. This indicates that the S8-brane worldvolume X 0 = cste is "unstable" towards the creation of large spatial gradients of X 0 . This should however be interpreted with some care, since this field theory exists only at a given time. Rather, one should think of it as a statistical field theory at temperature g s . The fact that the action is unbounded both from below and from above means that the thermodynamical ensemble is unstable, and that the partition function diverges, due to the contribution of configurations with large gradients. Equivalently, we may treat this statistical field theory as a quantum field theory, by quantizing along a spatial direction, say x 1 . The above instability will then manifest itself by the growth of spatial gradients under evolution along x 1 . Let us now restore the Born-Infeld corrections to the S8-brane action. Setting the magnetic field F ij to zero for convenience, we find
a higher-dimensional generalization of the action of a relativistic tachyonic particle, with imaginary mass m = i/g s . Simple solutions with SO(n) symmetry can be obtained by solving
Up to a redefinition X 0 → −X 0 , a can be chosen to be positive. The solutions read
and have been plotted on Figure 1 . In the co-dimension 1 case (n = 1), ∂ r X 0 is simply constant on disjoint intervals, with arbitrary slope |∂ r X 0 | < 1. For n > 1, the solutions reach constant X 0 at infinity and have a cusp |X 0 | ∼ r at r = 0, where the space-like world-volume becomes null. In more general situations without symmetry, we may expect a disordered manifold with null defects. At this point, as it will become clear in the T-dual picture discussed below, open strings become massless, and the Born-Infeld action cannot be trusted any longer, A natural conjecture is that the S-brane world-volume becomes time-like and describes a shower of D-brane and anti-D-branes. This is consistent with the analysis in [11] , where solutions of the S-brane action (3) including the magnetic field were interpreted as the formation or annihilation of D-branes or strings. Figure 1: Profile of the transverse scalar X 0 on a S8-brane world-volume, as a function of the radial distance r in SO(n) symmetric solutions (a has been set to 1). The vertical axis is X 0 . n increases from n = 1 (blue, top right) to n = 8 (red, bottom right).
Space-like T-duality : from S-branes to open strings in a supercritical electric field
In order to shed some light on the fate of S-branes, let us now study their image under T-duality along a space-like coordinate. The boundary condition at σ = 0 for a Dirichlet brane moving along the direction X 1 at a velocity v
For |v| < 1, this corresponds to an ordinary D-brane, while for |v| > 1, this is an S-brane with tilted world-volume. The limiting case |v| = 1 corresponds to a null brane. Static D-branes can be obtained by setting |v| = 0, while S-branes at a fixed time correspond to |v| → ∞. T-dualizing along the spatial coordinate X 1 , we are thus led to
This is now the boundary condition for a D-brane filling the coordinates (X 0 , X 1 ), with electric field F 01 = v [12] . S-branes are thus T-dual to a D-brane with a supercritical field |F 01 | > 1 2 . In such a supercritical field, the tension of open strings is insufficient to overcome the pull from the electric field, and open strings are nucleated from the vacuum and stretched to infinite length in finite time. In the limit v → ∞ the semi-classical string configuration describing this process is a strip of finite extent along X 0
where the mass shell condition requires
where N is the total excitation level and a is the intercept (a = 1 in the bosonic string, and a = 1/2 or a = 0 for the superstring in the Neveu-Schwarz or Ramond sector). In particular, the worldsheet coordinate σ becomes identified with the target-space time X 0 . Allowing fluctuations away from this rigid configuration, this can be viewed as a set of dipoles nucleating from the vacuum, stretching and rapidly merging into a single string of infinite length.
In general, we expect that such a creation will discharge the capacitor plates and relax the electric field until it becomes critical or sub-critical. This suggests that in the T-dual version, the creation of stretched strings under evolution along a spatial direction x 1 will bend the S-branes until they become null, and possibly turn into pairs of D-branes -anti-D-branes.
Open strings stretched between two S-branes
Let us now consider a configuration of two parallel Dirichlet Sp-branes (at a fixed time). An open string stretching between the two S-branes has the following mode expansion
where X µ denotes the time-like coordinate X 0 and the D − p − 2 transverse spatial coordinates X i ; X k are the p + 1 coordinates of the world-volume of the S-brane and
)/π if we set the following boundary conditions
In the rigid limit (a µ,k n = 0), much as in the super-critical electric field case, this configuration describes an infinitely long string which exists for a finite time interval only (see Figure 2 ). Allowing for fluctuations, this can again be viewed as a set of open string dipoles nucleating from the vacuum shortly before the S-brane, and being stretched to infinite size. The mass-shell condition requires
where ∆ is the time-like separation between the two S-branes,
For a given time-like distance ∆ 2 > 0, there are therefore only a finite number of physical states with real transverse momenta p k . In the limit of coinciding S-branes, the only physical states are the "massless" modes of (2), together with the tachyon mode in the bosonic string case. As we shall see, these physical modes are at the origin of infrared divergences in the one-loop amplitude, which signal the fine-tuning of the flat S-brane configuration. Open strings stretched between one S-brane and one D-brane
Let us now focus on an open string stretched between a S8-brane at fixed time x 0 and a static D8-brane at position x 1 (see Figure 2) . The boundary conditions
lead to the following mode expansion
where (a 0 n ) * = −a 0 −n−1 , (a 1 n ) * = a 1 −n−1 . The transverse coordinates X k have of course the standard mode expansion (12) . Note that this mode expansion is similar to that of an open string stretched between a Dp-brane and a Dp ′ -brane. Truncating to the lowest mode n = 0, the classical open string worldsheet in the (x 0 , x 1 ) plane is now the quadrant of a disk of finite radius centered at the intersection between the S-brane and the D-brane. It can be interpreted as a string dipole nucleating from the vacuum shortly before the S-brane, whose one end stays on the D-brane but whose other end is stretched to a finite distance. It is tempting to speculate that the condensation of the open string tachyon may lead to a reconnection of the S and D-brane.
Open string one-loop amplitude and S-brane correlation length
We now turn to the one-loop amplitude of open strings stretched between two S-branes. Before proceeding to the actual computation, let us discussing its physical interpretation.
In the case of two static D-branes, the cylinder amplitude is equal to the energy of interaction between the two D-branes, times an infinite factor corresponding to the infinite duration T of the interaction. This is because, in the closed string channel, the cylinder amplitude is just the tree-level amplitude of closed strings in the presence of static sources, schematically,
where G F is the Feynmann propagator and
are the sources describing the two D-branes at rest, and E 12 is the interaction energy between the two sources. The second equality in (18) follows by quantizing along the time direction x 0 , and provides the simplest way of extracting the Coulomb potential in QED. A non-vanishing imaginary part of the cylinder amplitude would imply that the interaction energy E 12 of the combined D-branes has an imaginary part, and therefore that the overlap between the in-state and out-state is zero, signalling D-brane decay after a characteristic time 1/ Im E[J]. This approach was used in [13, 14] to compute the decay rate of unstable D-branes.
In the case of the cylinder amplitude between two S-branes, a similar reasoning identifies A cyl with the tree-level amplitude of closed strings in the background of classical sources
Time translation is of course broken, but not translations along a common spatial direction of two S-branes, say x k . Thus, the cylinder amplitude computes the product of an infinite interaction length L k by the interaction momentum along x k , due to the emission and reabsorption of closed strings by the two sources:
As in the static case, an imaginary part signals a decay along the evolution x k , after a characteristic distance 1/ Im P k 12 . Let us now proceed to compute the one-loop amplitude of open strings stretched between two infinitely extended, flat S-branes at fixed times. With the notations of the previous subsection, the cylinder amplitude in the open string channel reads
where the partition function of the oscillators is identical to the D-brane case [15] ,
and q = e −πt . In (23), the three terms correspond to (one half) the partition function of the open string oscillators in the Ramond sector, in the Neveu-Schwarz sector and in the Neveu-Schwarz sector with an insertion of (−1) F , respectively. In the dual channelt = 1/t, the first two terms (the third, resp.) correspond to the exchange of closed strings in the NS-NS (R-R, resp.) sector. As usual, Z osc vanishes due to Jacobi's abstruse identity. We shall focus on the NS-NS part of the amplitude, since we will argue later that the R-R part is unphysical and needs to be projected out. The only difference with the D-brane cylinder amplitude lies in the zero-mode part. In contrast with the D-brane case, the integral over the momenta p k is convergent without the need for analytic continuation. As usual, the remaining t integral diverges in the ultraviolet (t → 0), corresponding to the exchange of massless closed strings. For null separation (∆ = 0), the t integral also diverges in the infrared, due to the open string tachyon pole, but this is cancelled by the R-R part of the amplitude. When the time-like separation ∆ increases, however, more and more open string states become tachyonic, and lead to ever more severe infrared divergences. The proper regularization of these infrared divergences has been explained in [16] , and leads to an imaginary part for the one-loop amplitude 3
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where
where n * is the greatest integer lower that ∆ 2 /(2π 2 α ′ ) and a n are the Fourier coefficients of the modular form
These coefficients are well approximated by the leading term in the Rademacher formula (see [17] and references therein),
In particular, they alternate in sign. Due to the Hagedorn growth of a n , the sum in (24) is dominated by the last non-vanishing term,
When ∆ 2 /(2π 2 α ′ ) is integer-valued, the last term vanishes, and the sum is dominated by the penultimate term n = n * − 1, whose sign depends on the parity of n * . The imaginary part of the amplitude thus oscillates in sign with an overall growth determined by (28) (see Figure 3 ). In particular, it vanishes infinitely many times, which raises the intriguing possibility that infinitely extended S-brane pairs may exist at highly fine-tuned time-like separations. In general however, the spatial decay takes place extremely rapidly, on a characteristic distance of string scale. 
Boundary states for BPS S-branes
As we have explained in the introduction, S-branes are the tachyonic analogues of Dbranes, hence their existence in type II string theory would potentially be a disaster. We now return to the S-brane boundary state proposed in [1] , and investigate whether this boundary state is a solution of type II string theory, with the correct reality conditions on the emitted closed string fields. Following the conventions of [18, 19] , the general D-brane boundary state is constructed from the Ishibashi states
where (α n , ψ r , ψ n ) are the left-moving modes of the bosonic coordinates X µ and fermionic coordinates ψ µ in the NS and R sectors, (α n ,ψ r ,ψ n ) are their right-moving partners, q a , y a are the transverse position operator and eigenvalue, |0; k = 0 is the NS-NS vacuum, |A |B is the R-R vacuum with SO(1, 9) spinor indices A and B. The matrix S µ ν has eigenvalues +1 in the Neuman directions and −1 in the Dirichlet directions. The matrix M AB is a solution of the algebraic equation
and can be chosen as
GSO-invariant boundary states are constructed as superpositions
and
The boundary state for a BPS D-brane is obtained by combining NS-NS and R-R sectors
In order to satisfy open-closed duality with a tachyon-free open-string spectrum, one should further require
On the other hand, non-BPS branes only source NS-NS closed strings,
The S-brane boundary state can be obtained from this general formalism by setting
and choosing a solution for (31). One option is to analytically continue the D-brane solution (32), leading to
Due to the factor of i in (39), if we keep the normalization condition (36), we obtain a S-brane with a GSO-odd projection on the open string spectrum, in particular with an open string "tachyon". We will denote this as a S − -brane. It is easy to check from the formulas in [21] that, when p < 8, the NS-NS closed string fields emitted by this boundary state are imaginary, while the R-R fields are real 4 . In contrast, for the codimension 1 case (p = 8), the NS-NS and R-R closed fields are real and imaginary, respectively. On the other hand, since (31) is invariant under rescalings of M, we may choose to drop the factor of i on the right-hand side, or, equivalently, flip the sign on the right-hand side of (36). This corresponds to a S-brane with a GSO-even projection, which we will refer to as a S + -brane: this is the choice made in [1] . Both the NS-NS and R-R fields sourced by the S + -brane are now purely imaginary (except for p = 8, where they are both real). These results are summarized on Table 1 . For p < 8, purely real fields may be obtained by multiplying the boundary state by an overall factor of i.
However, while analytic continuation from the D-brane case guarantees that the S − -brane is still a solution of the equations of motion (albeit with unphysical fields), this is not the case for the S + -brane. Indeed, there are additional consistency conditions which follow from the supergravity equations of motion. Schematically, the gravitational and gauge fields radiated by a boundary state |S can be expanded in powers of the string coupling as
where η µν is the flat space metric. The first-order perturbations g (1) µν and F
(1) µ 1 ...µ p+2 correspond to the one-point amplitude of the graviton and R-R gauge field on the disc. The second-order metric perturbation g (2) µν corresponds to a one-point function of the graviton on the cylinder with the boundary state |S at the two ends [20] . It can also be determined from the first-order perturbations by the supergravity equations of motion, schematically:
where ǫ is equal to +1 for type IIA or IIB string theory and −1 for type II * theory. This equation is satisfied in the D-brane case, and therefore also in the S − -brane case. Since the S + -brane is obtained by multiplying the R-R part of the S − boundary state by i, it can only remain a solution of (41) if the sign of ǫ is also changed. Since g (2) µν involves two boundary states, there is no difficulty in further multiplying the S + -brane boundary state by a factor of i so as to obtain purely real NS-NS and R-R fields. The S + -brane boundary state of [1] is thus a solution of type II* rather than type II string theory. In contrast, the S − -brane boundary state is a solution of type II string theory, but with non-physical imaginary fields. This leaves non-BPS S-branes as the only candidates of S-brane solutions in type II string theory.
Conclusion
In this note, we have studied some aspects of S-branes, in the formalism of first quantized string theory. We found that the instabilities in the tree-level effective action and in the oneloop amplitude are intimately related with the infinite fine-tuning of the initial conditions which is necessary in order to obtain an infinitely extended, flat S-brane. By quantizing the open strings in a spatial direction along the S-brane, we found some evidence that general perturbations turn the space-like world-volume of the S-brane into a time-like one, which can be interpreted as the world-volume of D-brane / anti-D-branes. Furthermore, we checked that Dirichlet S-branes do not exist in type II string theory, since it is not possible to construct a boundary state such that the emitted Neveu-Schwarz and Ramond-Ramond closed string fields satisfy the correct reality conditions. This leaves open the intriguing possibility that non-BPS S-branes, which do not source any Ramond-Ramond field, may trigger an instability of the type II string theory.
